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The newer knowledge of nutrition as applied to the general physiology of 
growth  suggests  a  fundamental  re-evaluation  of previous growth  data  and 
previous growth  formulations.  A  careful analysis  of  the  situation  (Zucker 
et at.,  1942)  with particular reference to the rat, the species most intensively 
studied by nutrition workers, has led us to two general conclusions: 
1.  The  only experimental  conditions  which  can  possibly lead  to  growth 
according to any relatively simple law require a diet which is adequate for the 
most rapid growth attainable by nutritional means.  Under these conditions 
only can the growth curve be a pure expression of the inherent growth charac- 
teristics of the organism.  If on the other hand the rate of supply of one or 
more of the long list of chemical compounds required for maintenance as well 
as growth is reduced below such a level, the resulting growth simply expresses 
an arbitrary limitation imposed upon the organism by the investigator (whether 
he realizes it or not).  The rate of supply of each one of the essential food fac- 
tors is indeed a separate variable of the growth problem, varying not only with 
the diet but also with time, because the requirements for various factors change 
as growth proceeds.  It is only if the rate of supply fully meets or exceeds the 
maximum requirements at any age that these complicated nutritional variables 
will no longer affect the growth rate, and a  tremendous mathematical simpli- 
fication is then to be expected. 
2.  Most growth data in the literature which have been used by students of 
growth probably fail to meet good nutritional standards.  The whole growth 
problem has been confused and more or less run into a blank wall by the re- 
peated working over of the same old data.  There is a  fundamental flaw in 
those data.  New data are needed which do meet reasonable nutritional stand- 
ards, and a useful, if perhaps limited, start can be made with a single species-- 
the rat. 
Elsewhere we have made a  detailed presentation of data on the growth of 
normal rats of our albino colony (Zucker et al.,  1941, and 1942); these data are 
shown graphically in Fig. 1, together with a  mathematical formulation which 
has  been  found  satisfactory.  We  have  presented  detailed  evidence  inde- 
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pendent of the exigencies of curve fitting with any particular equation for the 
separate  treatment  of pre- and post-weaning growth data on both nutritional 
and developmental grounds.  Of the two equations which were then found to 
FIc. 1.  The upper left curve is a weight time plot of the growth of female albinos 
of this colony; the axes are those indicated at the left and top of the figure.  The lower 
right pair of straight lines are a  log weight, reciprocal time plot of the same female 
data from 4 weeks on, and of our male data; the axes are those indicated on the right 
and bottom of the figure.  The finer lines on either side of the data points in each case 
represent plots of W  +  ~ and W  -  ~ on a  weight, or log weight, axis, as the case 
may be.  With a  normal frequency distribution  of weights  ~  of the observations 
would be included within the band so defined.  In the weight time plot the spread 
is smaller than the diameter of the data points for the small initial weights. 
Curve 1 in the weight time plot has the equation Iog W  =  2.88 log T  -  3.I82, T 
being days from conception.  Curve 2 in the weight time plot, and also the straight 
line for the  females in  the log reciprocal plot, has the equation log W  --  -  2.8___4 + 
t 
log 270, t being weeks from birth. 
fit the two postulated growth phases, the log log equation for the earlier phase 
has been  successfully applied  in  other  species  as weI1  (see  MacDowell a  aL, 
1927 and 1930), but the log reciprocal equation which fits the data from 3 weeks 
on is apparently new  (see footnote 3). 
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practical value of the equation.  It fits almost the entire life period very well, 
and it is simple enough to allow a direct plot of the data on a In W  -  lit grid 
(as shown in Fig. 1) characterized by a spread of the individual weights around 
the  mean  which  remains  beautifully constant  at  all  ages.  It  defines two 
parameters: A, the value approached by the weight as time increases without 
limit and hence an inherent size factor, and k', a growth intensity factor,  k r 
is of course the slope of the In W  -  1/t plot, and In A is the intercept (at 1/t = 
0).  As shown in Fig. 1 the equation has a point of inflection, and this is fixed 
at W  =  0.135  A.  The equation is of entirely empirical origin, but this fact 
does not of course have any bearing upon its possible general validity; whether 
it is merely a  concise summary of these particular data or whether it has a 
wider applicability and any general biological significance can only be deter- 
mined by further study. 
Comparison with Other Growth Equations.--First let us see how this equation 
compares with other growth equations which have been  suggested.  Fig.  2 
compares the fits to our female growth data obtained with various growth equa- 
tions.  This comparison is made on the ability to fit either the post-weaning 
data alone,  or both pre-  and post-weaning data.  The  questions posed  are 
these: 
1.  In the past it has been found that most of these equations were not able 
to fit the entire life period, and it was necessary to assume growth cycles to 
explain the discrepancies.  Is it possible that some of these equations can fit 
the entire life period, thus making the assumed cycles unnecessary, if nutri- 
tional distortions are absent? 
2.  Assuming that our analysis into two phases of growth is valid, how do the 
various equations compare in ability to fit the post-weaning data representing 
the  second phase?  In  this  comparison  it  seems  that  we  are  applying the 
equations of Backman, Hatai,  Gompertz,  Brody, Pearl,  and Bertalanffy in 
the manner in which they are usually applied to growth data.  Crozier  and 
Robertson  would  presumably  apply  their  equations  very  differently, since 
they have offered cyclic analyses of growth which break up the post-weaning 
weights into portions separately fitted to their equations.  It must therefore 
be understood that we are investigating the properties of their equations, and 
not of their complete formulations involving equations and cyclic analysis. 
The equations are listed in Table I in various forms which may be of interest. 
It may be noted that almost every one of these equations is "theoretical," in 
the sense that it derives in some way from a theory of growth, or can be pro- 
vided with some sort of rationalization; most of the constants in the equations 
have independent meanings in terms of the various theories of growth  (see 
summary in Zucker et al., 1942), but their numerical values are not predictable 
from the  theory, and they are  therefore treated  as adjustable constants in 
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2.  The equations of yon Hoesslin and Fischer have very unsuitably late points 
of inflection, and have not been tried for this reason.  The Robertson equation 
has been fitted in spite of its late point of inflection  because of its historical 
interest  and  its  widespread  acceptance  even  today as the  theoretical  growth 
FIG. 2.  Comparison of the ability of various growth equations to fit the growth of 
our  female  rats.  The  data are plotted as weight against time.  References to the 
various equations are given in Table I.  Where more than one curve is plotted and 
the curves cross or come together, they are numbered at critical points.  In the case 
of the Backman equation, curve 2 is not the same form of equation as curve 1, but 
is a  simplified  form (see Table I).  In all the other cases with more than one curve 
plotted, the different curves are compromise attempts to adjust the equation to vari- 
ous regions of the data. 
equation.  No attempt was made to fit Wetzel's equation, or Pearl's equation 
containing  more  than  four  terms  in  the  power  series,  because  of  the  large 
number of adjustable  constants in both cases which make the equations very 
difficult to apply, and which make the interpretation of a good fit as contribu- 
tory evidence of biological significance very doubtful.  Snell  (1929) has quite 
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derived from their common basic assumption that a  chemical reaction deter- 
mines the rate of growth, and has suggested corrected forms.  We have not 
worked with  these corrected forms principally because the  correction is also 
in  error,  so that  the  "corrected"  equations  are  in  no way preferable to  the 
originals.  Snell's criticism is perfectly valid, but it is in the attempted appli- 
cation of the criticism that the error has crept in. 
A few words of explanation seem to be in place since the point has apparently been 
passed over without notice.  In the original derivations of Crozier and Robertson 
the expression  for the rate of a chemical reaction was written in terms of weight of 
reactants rather than concentration, or weight/volume, as required by the laws of 
chemical kinetics.  This is indeed a  serious  flaw in the rationale of both equations. 
Snell reasoned by analogy with the course of a chemical reaction going on in identical 
solutions in several different beakers that the desired rate of change of weight is given 
by the product of the volume and the known rate of change of weight/volume, or 
concentration.  This analogy is not a proper one, because in the analogue the volume 
of the system does not change during the course of the reaction, as it does in the grow- 
d(W/V).  1  dW  W dV 
ing cells and body fluids.  The proper expression  for --  is 
dT  V  dT  V  ~ dT 
which reduces to 1  dW, the expression used by Snell, only when  Vdoes not change 
V  dT 
with time.  Interestingly enough, if the proper expression for d(W/V__  )  is introduced, 
dT 
Snell's assumption that the rate of increase in V is proportional to the rate of increase 
in W leads to equations of the same form as the original uncorrected equations in 
both cases,  the  only difference  being that  the  adjustable  constants  have different 
interpretations. 
In judging the fit in Fig. 2, the range of variation of individual  weights from 
the means shown in Fig.  1 should be borne in mind.  On a  weight time  plot 
the spread is much smaller for small weights than for large weights.  Consider- 
ing this experimental variation, it must be concluded that no one of the equa- 
tions in Fig. 2 provides an acceptable fit to both pre- and post-weaning data. 
Restricting consideration to the post-weaning data alone, one can see that only 
Backman's equation 2 and our equation provide fully satisfactory fits to the 
post-weaning data  (see footnote 3). 
Fit of the Log Reciprocal Equation  to Other Rat Data.--Several other sets of 
rat growth data are available which approximate our nutritional requirements 
and which cover parts of the post-weaning period.  Fig. 3 shows that the log 
reciprocal equation is competent to fit such data from other laboratories, on 
other colonies and diets.  The fits are surprisingly good except for the nutri- 
tionally poor Donaldson data which were included for comparative purposes; 
even in this case the form of the deviations from the log reciprocal equation is 
in excellent agreement with our conception of the effect of the dietary inade- TABLE I 
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EXPLANATION  OF  TABLE  1 
All variables are italicized.  W is weight, t is age from birth, T is age from conception, A 
is the final weight, e is the natural base of logarithms.  Natural logarithms are used through- 
out in order to avoid a  conversion factor in the differential form.  The last column shows 
the location of  points  of  inflection and  maxima  in  the weight  time curve;  conditions for 
singular points are too elaborate for tabular form in the Pearl and Wetzel equations, and the 
reader  is  referred  to  the  original publications.  Backman--see  Backman,  1931,  1938 a,  b; 
Zucker el al.,  1942; footnote 3 below.  Backman has not published an integration for equa- 
tion 1.  The differential form can be fitted to data in the usual way for equations of the form 
y  =  a  +  bx +  cx  2 followed by graphic integration.  Equation 2 is conveniently fitted by 
plotting In (A -  W) for various assumed values of A against In T and determining the best 
straight line.  Hatai--see  Pearl,  1907;  Hatai,  1911;  Donaldson,  1924;  Zucker  et al.,  1942. 
dW 
The  equation is conveniently fitted by  plotting  d~  against  1/t  and  determining the best 
straight line,  followed  by  calculating  the  best  average  value  of  the  integration constant. 
Zucker--see  Zucker et al.,  1941,  and 1942.  Fitted by plotting In W  against 1/t and deter- 
mining the best straight line.  Gompertz--see  Winsor, 1932;  Backman, 1938a; Lumer,  1937. 
A 
Fitted by plotting In In lzV for various assumed values of  A against T  and determining the 
A 
best straight line.  Note  that the Zucker equation predicts a  straight llne plot of In In 
W 
against In t,  rather than t  or  T.  Brody--see  Brody,  1925,  1926,  1927a,  b; Ludwig,  1929; 
Kaufman,  1930;  Zucker  et al.  1942.  Fitted by plotting In  (A  --  W)  for various assumed 
values of A against T and determining the best straight line.  Note that the Backman equa- 
tion 2 predicts a straight line plot of In (A -  W) against In T rather than T.  Robertson--see 
Robertson,  1907-08,  1923,  1926;  Pearl,  1924;  Ludwig,  1929;  Brody,  1927a;  Schmalhausen, 
1929;  Needham,  1931;  Backman,  1931,  1938a;  yon  Hoesslin,  1930;  Winsor,  1932.  See 
Robertson,  1923,  for  methods of  fitting.  Crozier--see  Crozier,  1926;  Robb,  1929;  Brody, 
1927 a.  The second form given for the integrated equation is very similar to  the equation 
B+W 
In  KT +  c often called the general logistic, used byEnriques,  1909,  Robertson, 
A--W 
1926,  and Lumer,  1937.  The only difference is that Crozier's equation has only three inde- 
pendent adjustable constants as against four in the general logistic.  Both equations have 
three independent adjustable constants in the differential form; in the Crozier equation the 
integration constant is evaluated in terms of the other three constants, making the condition 
that W  =  0 at zero time.  Pearl--see Pearl, 1924;  Brody, 1927 a; Ludwig, 1929.  A method 
of fitting involving the use of selected points at equal intervals on the time scale has been 
worked out by Pearl,  1924.  yon Bertalan]y--see  yon Bertalanffy, 1934,  1938; Patter, 1920; 
Ludwig,  1929.  Fitted by plotting in (A  113-  W 113) for various assumed values of A against 
t,  and determining the best straight line.  The  equation  differs from  Brody's only in  the 
exponent  of  A  and  W,  but  this difference introduces  a  point  of  inflection.  Fischer--see 
Fischer, 1928;  Ludwig,  1929.  This equation is related to Robertson's in the same way that 
von Bertalanffy's is to Brody's.  yon Hoesslln--see  von Hoesslin,  1926-27, 1930,  1931,  1932, 
1934;  Zucker  et  al.,  1942,  Wetzd--see  Wetzel,  1932-33,  1934,  1937;  Zucker  et  al.,  1942. 
The constants in the differential form are those with meanings in terms of Wetzel's theory. 
The  integrated equation written in  terms of  these constants is very long; it is written in 
Table I in simplest form, but with the same number of  independent constants many of which 
are complex functions of  the theoretical parameters which appear in the differential form, 
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FIG. 3.  Log reciprocal plot of the growth of various rat colonies on diets optimal 
for growth.  1, Mendel and Hubbell, 1935; 2, Smith and Bing, 1928-29; 3, Maynard, 
1930; 4, Macy et al., 1927, group labelled "stock diet"; 5, Freudenberger albinos, 1932 ; 
6, Sperry and Stoyanoff, 1934, series  III (detailed growth data kindly supplied by 
Dr. Sperry); 7, King, 1915; 8, Donaldson et al., 1906; 9 and 10, Evans, 1923-24, series 
I  and II (circles are controls and crosses are pituitary injected); 11, Hart and Cole, 
1939  (circles  are  controls, crosses  are  females repeatedly bred);  12,  Freudenberger 
Long-Evans strain, 1932; 13, unpublished data on the growth of our colony of Long- 
Evans rats in 1931 and 1932 on our regular stock diet. 
All the data for one sex are plotted on the same reciprocal time scale, but in order 
to separate the lines the log weight scales are separated by 0.2 or 0.3 logarithmic unit. 
For orientation therefore we have written in on each line the values of W at 4 weeks 
and at  ~  ~  =0, W  =  A  . 
The original figures for mean weights were available for numbers 2, 6, 7, 8, 9,  10, 
13.  Plotted points in numbers 5,  11, and  12 are original data points read off the 
published graphs.  Plotted points in numbers 1, 3 and 4 were read off the published 
smooth curves at suitable intervals, since the original data points were neither tabu- LOIS ZUCKER AND THEODORE ]?.  ZUCKER  453 
quacies upon growth (Zucker eta/., 1941).  The Donaldson rats are under the 
greatest  nutritional  growth  inhibition  during  the  early period  when  the  in- 
herent  growth impulse  calls for the most rapid growth and when nutritional 
requirements are therefore most critical.  As the effect of the inherent growth 
impulse  slows down,  nutritional  requirements  become less  critical,  the  same 
diet becomes gradually more adequate,  and  the rats  gradually recover spoil- 
lated nor plotted.  The graphs which had to be depended upon as sources for many 
of these sets of data are unfortunately very small. 
Freudenberger (numbers 5 and 12) did not reject animals which were losing weight 
from his means.  King (number 7) did  so, and we have  done so with our data and 
with the data  of Evans,  who published his  individual  weights.  We have no infor- 
mation on how the other data are constituted in this respect. 
The King data are among the earliest.  The diet--"selected table scraps"--is not 
very well characterized, but could be quite good by current standards.  The points 
have a  very unfortunate  distribution  on a  log reciprocal plot because of the large 
intervals between weighings, and this makes it difficult to decide upon a fit. 
We are presenting the evidence for the ability of the log reciprocal equation to fit 
these data in the form of a log weight, reciprocal time plot rather than a direct weight 
time plot because it appears from our data that this is the most generally satisfactory 
manner of presentation.  It results in a  straight line with the experimental error, or 
range of variation around the mean, covering a  band of constant width throughout 
(see  Fig.  1).  Gray  (1928)  has emphasized a  danger in the logarithmic plotting of 
weight data:  "Where a process of growth involves the use of a logarithmic function 
it is very unwise to trust to graphical methods unless it can be shown that the ratio of 
probable  error to the mean is constant during the whole  period  of growth.., the only 
real test consists in a  comparison of observed and calculated values."  (Italics are 
ours.)  Our data satisfy the qualifying requirement laid down by Gray, that the ratio 
of the probable error (or standard deviation) is constant during the whole period of 
growth.  The constancy is only approximate, but any fluctuations are second order 
effects as far as the present discussion is concerned.  Under these conditions a weight 
time plot, or a  tabulation of calculated and observed weights as suggested by Gray, 
is an inferior method of comparison, because deviations are of constantly decreasing 
biological significance  and must be mentally corrected at the hand of the information 
contained in a tabulation or plot of probable errors or standard deviations as a function 
of weight.  Under our conditions it is precisely a logarithmic plotting of weight which 
provides the most balanced presentation of the data and their agreement with a par- 
ticular curve; we have no reason to suppose that other data differ markedly from ours 
in this respect.  Fig. 2 would be very much improved if it involved a log weight-time 
plot rather than the direct weight-time plot for just this reason; we chose the inferior 
presentation  partly as a  concession to custom, partly as a  practical demonstration. 
It is necessary to emphasize this point because Gray has been widely quoted as show- 
ing  that  logarithmic plotting is  without  exception or qualification  a  biased  unfair 
manner of presentation  (Richards,  1935;  Huxley,  1932;  see also Davenport,  1926). 454  SIMPLE  TIME  WEIGHT  RELATION  IN  RATS 
taneously.  The late point of inflection and rapid cut-off found in several of 
the equations of Table I and Fig. 2 are quite characteristic of such nutritionally 
inhibited growth with spontaneous realimentation; in so far as these equations 
were designed to fit distorted growth curves they were made unsuitable for 
normal data. 
The agreement in the case of the Long-Evans rats is of interest, for these 
rats are of a very different strain from our albinos.  They are the descendants 
of a  cross between one wild gray Norway male and a  few laboratory albino 
females.  King has reported in some detail on the growth of captive  grays 
(King,  1939);  these  are  descendants  of  wild  Norway  grays  and  therefore 
represent the other component of the Long-Evans strain.  The data cannot 
be fitted by the log reciprocal equation, but it is possible that the diet is faulty; 
these animals were not raised on the diet previously used for King's albinos 
(King, 1915), which was composed of selected table scraps, but on a  diet  of 
cooked cereals.  King specifically says that no attempt was made to provide 
a superior diet. 
Of further interest is  the presence among  the available  data obtained on 
known good diets of two examples of growth stimulation leading to "super- 
normal" growth which are also fitted by the log reciprocal equation.  The 
Evans data are two series of females given daily injections of anterior pituitary 
substance.  The  Hart  and  Cole  data  represent  the  maximum  stimulating 
effect of pregnancies  upon  growth;  this  was  obtained by putting  the  rats 
through nine to ten successive pregnancies and lactations starting at 4 weeks 
of age,  at which  time precocious sexual maturity was  induced by injecting 
gonadotropic hormone.  This hormone has no effect on growth per se. 
The  Parameters  of the  Equation.--The  values  of  the  parameters  for  the 
several sets of data are presented in Table II.  The albino colonies all show 
approximately the same k for each sex; this expresses itself in Fig. 3 in the fact 
that the lines are parallel.  These colonies appear to differ only in mean size 
(A).  The descendants of the cross between albinos and grays do not show a 
constant k, but the ratio kindle  is in good agreement with that characteristic 
k female 
of the albinos.  The obvious interpretation of these findings is that k, or rather 
the pair of values km~lo, k~em~le in a fixed ratio, are associated with the genetic 
constitution of the rat.  At any rate the parameters defined by the equation 
not only can be given rational interpretations but are shown by the hand of 
data to provide an analysis of growth into two components of practical useful- 
ness and significance. 
The approximate constancy of k for female albinos, and indeed the absence 
of a break in the female growth curve as fitted by the log reciprocal equation 
seem to be in disagreement with the findings of Cole and Hart (Cole and Hart, 
1938;  Hart and Cole, 1939).  These findings indicate that k  is very greatly LOIS ZUCKER AND THEODORE F.  ZUCKER  455 
increased  by pregnancies  over the  value  characteristic  of unmated  females; 
one would expect rats first bred at 17 weeks as ours are to show an immediate 
increase in k, producing a  break, and one would also expect the mean k  for 
different  sets  of data  to  be  somewhat different,  since  colony practice  with 
respect to the age of first breeding and frequency of breeding differs.  Neither 
expectation is met; the female data behave in every way like the male data in 
which no disturbing effects are expected.  It may be that breeding must be 
TABLE II 
The Parameters of the Log Reciprocal Equation 
NO. 
(Fig. 
3) 
10 
11 
12 
13 
Albinos 
Authors' data 
Mendel-Hubbell (1935) 
Smith-Bing (1928) 
Maynard (1930) 
Macy a a/. (1927)--group  labelled "stock 
diet" 
Freudenberger (1932) 
Sperry-Stoyanoff,  series III (1934) 
King (1915) 
Long-Evans 
Evans--normal I (1923) 
E  pituitary 
vans--injected  I 
Evans--normal II (1923) 
E  pituitary 
vanS--injected  II 
Hart-Cole--normal (1939) 
Hart-Cole--pregnant 
Freudenberger (1932) 
Authors' data 
Females 
A  k 
2.84  270  3.65 
2.84  380  3.73 
2.76  316  3.67 
2.93  314  3.83 
2.86  278  3.66 
2.80  282  3.70 
3.68 
2.98)  251  3.73 
3.19  351 
4.21  565 
2.56  331 
3.46  519 
2.33  359 
3.32  480 
2.93  318  3.96 
2.46  263  3.34 
Males 
A 
470 
650 
548 
535 
484 
440 
476 
360 
556 
432 
k~lo 
kfemsle 
1.29 
1.31 
1.33 
1.31 
1.28 
1.32 
(l.2S) 
1.35 
1.36 
k was calculated for common  logarithms, and is in units of weeks.  A is in grams. 
started very early, earlier than is customary in breeding colonies, and carried 
out intensively in order to affect k significantly. 
The Relation with Heterogony.--The equation 
ln W1= K t ln W~ +  ln C' 
is the well  known law of relative growth (heterogony of Huxley,  1932).  WI 
and W~ are weights, or other measures of growth, of two organs or parts  of the 
body observed at the same time (or of a part and the whole).  The  equation 
is equivalent to the statement that the specific growth rates I  dW of  dt  the parts 456  SIMPLE  TIME  WEIGHT  RELATION  IN  PATS 
are all proportional to each other.  It has been applied successfully to such a 
range of species and conditions that it ranks as a really well founded generaliza- 
tion in the field of growth.  Whatever meaning one wishes to ascribe to  it, 
whether it is exact or approximate, it closely represents the course of relative 
growth.  It is therefore a distinct merit of the log reciprocal equation that it 
immediately suggests such a  course of relative growth.  This is also true of 
the log log equation used for pre-weaning growth and of the compound interest 
law sometimes used for growth.  It is true of many other possible equations-- 
of any equation of the form 
In W  =  aF(t)  -b b 
where F(t) can be the same for the growth of the different parts being  com- 
pared; i.e., where F(t) does not contain any of the growth parameters referring 
to the particular organ or part specifically.  Since heterogony applies to such 
a  wide range of species the possibility exists of many different time growth 
equations for different species or larger groups of species, differing in the form 
of F(t).  None of the other equations listed in Table I is of the required form. 
Any of these equations can of course be reconciled with heterogony by assum- 
ing that each organ or part has a  different form of time law of growth  1 but 
other things being equal, a formulation which does not require all these dif- 
ferent laws of growth for different parts is preferable.  Thus the log reciprocal 
equation not only describes the course of body growth in time, but also the 
course of growth in time of the femur length (Hinkel, 1942), and of the femur 
weight, femur organic matrix,  and femur ash  (Zucker et  al.,  1942;  in  these 
data good agreement is found up to 700 days of age in both males and females). 
1 Thus if W1 in the above equation is the body weight, Wg. the organ weight, the 
form of growth of W~ in time for any of these equations is obtained by substituting 
for Wz its equivalent C'W2K t.  In the log reciprocal equation and in the others which 
suggest heterogony the resulting equation for W2 as a function of time is of the same 
form as the original equation for W1 as a function of time---for the others it is different. 
This procedure is a fundamental part of the derivation of Bertalanffy's and Fischer's 
equations; their theories  lead to growth rate equations in body length rather than 
weight.  To get an equation for weight as a function of time they replace length in 
the integrated equation by qW  z/3, limiting  length by qA z/8, assuming  that K' in 
the  heterogony equation  has  the  value  1/3.  Lumer  (1937) has  concluded  that 
heterogony is incompatible with sigmoid growth.  The evidence given is that heter- 
ogony is not compatible with three particular sigmoid growth equations (Robertson, 
Crozier, and Gompertz), and the implicit assumption  is made that the same equation 
must apply to the part and to the whole.  The conclusions he draws are evidently 
far too broad, because there are sigmoid equations such as the log reciprocal which 
are compatible with hetemgony assuming the same equation to apply in the growth 
of the whole and the part, and, for the other equations, it is not necessary to assume 
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Recent students of heterogony have tended to dismiss  the parameter In 
C' in the heterogony equation as an unimportant, uninterpretable constant 
(Huxley, 1932; Needham, 1934), and have centered attention upon K', the 
proportionality constant relating the specific growth rates of the parts com- 
pared.  Thus "the constant b [our C '] is of little biological significance, since 
it merely denotes the value of y [our W1] when x [our W~] is unity" (Needham, 
1934).  Now if we write this integration constant In C t in its most general 
form, we have 
In Wi_*  =  K' In W2___* 
W1  W~ 
where WI* and W~* are the values of W1 and W2 at some reference time.  Need- 
ham chose the time at which W~* =  1--a choice which depends upon the units 
in which W is expressed, and which is therefore arbitrary as he pointed out. 
The law of relative growth derived from the log reciprocal equation has WI* 
and W~* interpreted as A1 and As, the limiting sizes of the parts compared. 
Now quite aside from the merits of the log reciprocal equation, this reference 
point  would  seem  to  recommend itself  for  relative  growth.  It  has  been 
frequently emphasized  that there can  be no significant  reference  point for 
heterogony at conception,  or at any time during fetal life, for different parts 
and organs are first laid down at different times after conception;  different 
parts of the body do not have a common beginning.  (See  MacDowell a  al., 
1927;  Schmalhausen,  1927, 1928; Huxley,  1932.)  No  intermediate  point 
suggests  itself.  But  the  end,  the final object  of all the  development and 
growth and change in shape and proportions surely has particular significance 
for relative growth as well as for time growth.  The interpretation of the In 
C' parameter provided by the log reciprocal equation is thus reasonable  and 
appealing  in its own right.  The heterogony equation can then be written 
A1  kl'  As  = in  - 
W2 
A  h  The Function In ~.--T  is function appears to be a useful measure of growth 
status, measuring the closeness of approach  to the limiting or equilibrium 
weight independently of what that limit is.  If two animals are  chosen at 
random each weighing 200 gin., they are of course identical as far as weight is 
concerned, but their respective  growth statuses may be very different, for the 
one animal may be an inherently smaller animal, much closer to its limit size, 
and hence nearer the end of the growth process than the other.  This proposed 
growth status function makes the animals most nearly comparable  when they 
have achieved the same percentage of their final limit weight.  In terms of this 458  SIMPLE  TIME  WEIGHT  RELATION  IN  RATS 
function, which we might call the growth function R, time growth and relative 
growth take the very simple forms 
Rlt  =  kz'  kl' 
R2t -- k2'  R1 -~ ~2  t R2 
or inverse proportionality between R  and age, and direct proportionality be- 
1 
tween R's for different parts of the body.  The  time  derivative of  R  is -- 
dW 
--dT-' the negative value of the specific growth rate.  R  is of course a  quantity 
which decreases as the animal grows, approaching zero at the limit weight,  so 
that  its time derivative is of opposite sign from the  time derivative of an in- 
creasing quantity like W  or In W.  The  time  rate  equations  then  take  the 
forms 
dR1  R1 
d/  t  1  dR1  I  dR2 
dR2  R2  Rz  dt  R2  dt 
dt  t 
Many growth equations introduce the limit weight A in the term (A -- W). 
This is by no means suitable as a  measure of growth status,  as can be seen 
from a  consideration of the natural variation in W as W approaches A.  The 
coefficient of variation of W is approximately constant throughout life (Zucker 
et al.,  1942);  this means that a  gram of weight gained or lost, or a  gram dif- 
ference between any two animals, is of less and less significance to the animals 
as they get larger, since it occurs with steadily increasing frequency, and in 
fact that the biological significance of weight differences is best measured on a 
percentage scale of W,  or on an absolute scale of In W.  This is reasonable 
on general grounds,  when one considers that food and water intake increase 
with weight, and that a given degree of growth activity for the growing parts 
of the body must result in a larger absolute gain in a large rat than in a small 
A 
rat.  Now let us see how In ~. changes with  a  given percentage change  in 
weight.  It is obvious  that 
d  in A_  =  -d  t~ w  =  _dw 
w  w 
dW 
Thus a given percentage increase in W, represented by -~-, produces the same 
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evaluates the effect of a  change in weight upon the growth status.  It is also 
obvious that 
W  dW  din(A--W)  •ffi 
A--WW 
A given percentage difference in W registers a difference in In (A -- W) which 
increases rapidly as  W  approaches A  (because of the A  --  W  term,  which 
approaches 0,  in  the denominator).  Thus a  small percentage increment in 
W which is of the same biological significance at all values of W, is incorrectly 
estimated by the function In  (A  --  W) to be very much more important at 
values of W near A than at values far from A.  Assuming an A of 270 gin., a 
1 gin.  change in a  rat weighing approximately 240 gin. should according to 
this function represent the same change in growth status of the animal as an 
8 gin. change in a  rat weighing approximately 30 gm.  As a  rat approaches 
the limit weight the normal fluctuations around the equilibrium weight deter- 
mined for that time by its inherent growth curve should be limited to fractions 
of a gram and finally approach 0.  Yet the weight of such an animal near its 
limit weight is just as much determined by a  dynamic equilibrium between 
processes causing gain in weight and processes causing loss in weight as in the 
rapidly growing animal; it is not reasonable to expect these processes later to 
become so much more finely balanced in their operation. 
All the other A  -  W  functions behave in similar fashion. 
W  A  dW  dln~ 
A--W  A--WW 
B +  W  W(A +  B)  dW 
dlnA~--  (B +  W) (A -- W) 
--½W  l/a  dW 
d In (A  1/8 --  W 113)  =  All8  _  W118  W 
Each of them has a term in the denominator which approaches 0 as W increases. 
We bring these points up  particularly because Brody et  al.  (1937) proposed 
an alternative law of relative growth 
In (A1 -  Wl) =  K In (A, -- W,) +  In C 
and Robertson (1907-08) long ago proposed the law 
W1  W2 
In AI -- W~l ---- K  In ~  +  In C 
which are suggested by their respective time growth equations.  Aside from 
the difficulty in interpreting the In C  terms in these equations,  the terms In 
W 
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on a  comparable basis independent of their various and widely different sizes, 
are  not  suitable  measures  of  growth  status.  It  is  interesting  to  note  that 
Brody,  whose  time  growth  equation  contains  the A  --  W  term,  and  whose 
derivation definitely interprets A  -  W  as a  measure of growth status,  never- 
theless consistently prefers the function W/A as a practical measure of growth 
status in comparing growth curves. 
The Time Scale.--In our growth formulation the time scale for pre-weaning 
growth (which like embryonic growth involves extensive histo-differentiation) 
is referred  to conception, and  the  time  scale for post-weaning growth  (which 
is  principally  increase  in  size)  is  referred  to  birth.  These  reference  points 
were chosen so as to get the best fit, and are therefore in a  sense extra adjust- 
able  constants.  However,  the  reference  points  once  chosen are  consistently 
adhered to for both sexes and all the different rat colonies fitted, so that they 
are  not  adjustable  constants  in  the  sense  that  k'  and  A  are. 2  A  rational 
approach  to a  reference point for the  time  scale in growth  is a  very difficult 
problem.  The most common practice has been to take conception as the zero 
point,  but  most  growth  equations  contain  an  adjustable  constant  which 
effectually shifts  the origin  t0 some other point  (see  t* and  T*  in  Table  I). 
And MacDowell has raised  serious  objection  to the general  assumption  that 
conception ought to be the rational reference point: 
"In mammals, the separation of the egg from the main food supply is correlated 
with a precocious development of the trophoblastic elements of the morula.  These 
form the yolk sac and the traeger, which effect the first connection with the maternal 
food supply.  They are well developed before the visible organization of the embryo 
is started.  This preliminary stage occupies an appreciable portion of the gestation 
period.  If natal and prenatal  growth are  to be  compared.., the growth curve of 
the embryo should start  with the  embryo proper, and not include  the preliminary 
2 It may be noted in passing that if a fully adjustable reference point for the time 
scale is  introduced into the log reciprocal equation it becomes much more flexible, 
and is able  to fit a  great many data which the restricted  equation  cannot fit: the 
Donaldson rat data and most other available data on growth from a little before their 
points of inflection.  But these data do not meet any reasonable nutritional standards, 
and in most cases there is no justification for dividing the data into two parts at the 
point where the three constant equation first begins to fit.  Since the data are in all 
probability faulty, and since we have every reason to believe that nutritionally in- 
hibited growth is very complex, the ability of the three constant equation to fit seems 
to be a positive disadvantage.  The two constant equation is to be preferred in that 
it fits data expected to be simple, and data expected to be complex deviate from it in 
the manner to be expected.  Furthermore while the reference point for time might 
differ in different species  with different developmental histories, it is unlikely that it 
would properly differ for two sets of albino rats, yet this is what the three constant 
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stage or the extraembryonic tissues ....  As a practical criterion we propose the primi- 
tive streak stage" (MacDowell et al., 1927). 
We have  gone even further and  look upon the  whole embryonic and  pre- 
weaning growth period as a  continuous series of changes in form and organiza- 
tion, with the characteristic structural pattern  of the rat being approximately 
established only at the end of the suckling period; the primitive streak is only 
one of many stages in the series.  It seems sufficiently rational that the refer- 
ence point  of this  period  should after  all be  conception,  where  this  series  of 
changes is initiated,  and in our rats on good diets an excellent fit is obtained 
using conception as the reference point.  We must then have a  second refer- 
ence point at a later age for the process of increase in size of the structural pat- 
tern  (auxano-differentiation  of Huxley) which was not in existence at concep- 
tion.  We are unable,  however,  to suggest a  reason for placing this reference 
point  at  birth  rather  than  at  some other  time  beyond the  general  fact  that 
birth  is an  important  event in  the life of the organism.  As we have already 
pointed out, the one obvious special point in the period of auxano-differentia- 
tion is the end towards whic~ growth is directed--the attainment of the final 
definitive body structure and size--and at this point the reciprocal time scale 
has its zero point. 
The Backman F~uation.8--In  its  general form this  equation  is  too difficult 
to fit to be of much practical usefulness,  but if the special  case with  s~  --  0 
should prove to be generally applicable to the second phase of growth it would 
3 On re-reading Backman's papers  we find that  we had overlooked a  rather im- 
portant  point.  In  Backnmn  (1931)  two  equations  are  mentioned--equation  1 of 
Table I  above and another equation, which we can call equation 3, 
dln W  ~___ Eso+~I In T+s2 In  2 T 
dT 
both referred to as "meine Formel" and used interchangeably as though they were 
the same equation.  The discussion at the end of the 1931 paper of the mathematical 
properties of the Backman equation refers to equation 1, while some of the data are 
fitted to equation  1 and some to equation 3.  The very clear and straightforward 
presentation of "die Backman'sche Formel" in the two papers in 1938 refers  entirely 
to equation  1 and no further mention is made of equation 3.  Relying principally 
on these papers we missed the other equation, which is unfortunate because our log 
reciprocal equation is a  special case of it, with so the same as our In k', sl equal t ° 
-2,  s2 equal  to zero.  In a  sense therefore the log reciprocal equation is not new, 
although as such it has not before been described by Backman or others.  We have 
tried out this equation 3 on our data and find that it is no more successful than equa- 
tion  1 in fitting the entire post-natal period of growth.  The additional terms and 
adjustable  constants do not improve the fit to the post-weaning dam over that for 
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have much to recommend it.  One feature is its parallelism in form with the 
log log  equation  which  has  been  found  to  fit  embryonic and  pre-weaning 
growth so satisfactorily. 
InW= K' in T .-I- In C 
In(A--W) =  KlnT-k-lnC 
Another feature which may or may not be valuable is the fact that a good fit 
results when the reference point for time is placed at conception.  We prefer 
the log reciprocal equation on the basis of present knowledge  because of its 
greater  simplicity--it has  one  less  adjustable  constant--its  greater  ease  of 
application,  its relation with  heterogony, the  useful growth function In  A 
W 
and the interesting behavior of its time scale in becoming zero at the logical 
reference point for the auxano-differentiation process. 
The  equation 
SUMMARY 
k t 
lnW ffi ---- +inA 
t 
fits the growth of well nourished rats from weaning on.  The general properties 
of the equation, and particularly its relation with the law of relative growth, 
are discussed. 
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